We present a numerical study on the light transport properties which are modulated by the disorder strength in quasi-one-dimensional disordered waveguide which consists of periodically arranged scatterers with random dielectric constant. The transport mean free path is found to stay inversely proportional to the square of the relative fluctuation of the dielectric constant as in the 1D and 2D cases but with . The transport properties of light through a sample with a fixed size can be modulated from ballistic to localized regime as well, and a generalized scaling function is defined to determine the light transport status in such a sample. The calculation of the diffusion coefficient and the energy density profile of the most transmitted eigenchannel clearly exhibits the transition of transport behaviour from diffusion to localization.
Introduction
Transport in random media at the mesoscopic scale has attracted much attention in recent decades. In the multiple scattering process, wave interference persists and leads to a series of extraordinary phenomena in contrast to common diffusion, such as Anderson localization and enhanced backscattering [1, 2, 3] . Anderson localization predicts exponentially localized modes and a halt of diffusion when the disorder reaches a certain extent, while enhanced backscattering manifests itself as the precursor of Anderson localization showing an intensity enhancement factor of 2 in the opposite direction of the incident wave due to constructive interference [4] . About two decades after Anderson localization was predicted, a single-parameter scaling theory of localization was proposed [5] . It defines a universal scaling function β(g) = d ln g/d ln L which shows how the electronic dimensionless conductance g of a random system decreases with the incremental system length L, without directly considering the disorder strength of the system.
Experimental observations of Anderson localization have been realized so far for matter waves [6, 7, 8] , elastic media [9] and photons [4, 10, 11, 12, 13, 14] . Among these, the experiments carried out by Schwartz et. al. adopted a real-time induction method to form two-dimensional photonic lattices with controlled disorder in a dielectric crystal, and showed the variation of the transport from ballistic to diffusive by increasing the disorder strength, and transverse localization is definitely observed when the disorder is strong enough [13] . This reminds us that, one can take advantage of the disorder-modulation other than changing the length scale of the sample to investigate the transport properties in random media.
For a fixed sample size L in quasi-one-dimension (quasi-1D), the light propagation through a random media mainly depends on some length scales, especially the transport mean free path (TMFP) l tr . l tr is the critical length scale over which the incident wave loses its initial direction. It is also the fundamental parameter measuring the disorder of a random medium which only depends on the disorder strength and the incident wavelength. The relation of l tr , L and the localization length ξ determines which transport regime does the system belong to. Therefore, the study on the transport mean free path should be in the first place when investigating the transport properties of random media.
Investigation of transmission, based on the transmission matrix t of the system, however, enables us to acquire comprehensive understanding on the transport properties of random media. The optical counterpart of the electronic dimensionless conductance g, i.e., the transmittance T , can be expressed as the sum of all the transmission eigenvalues as T = N n=1 τ n , where {τ n } are the transmission eigenvalues lying within the range from 0 to 1(full transmission) and N is the number of transverse modes. τ n can be obtained from the singular value decomposition of the transmission matrix t = N n=1 u n √ τ n v † n , with u n and v n the transmission eigenchannels composing the incoming and outgoing modes [15] . In the ballistic regime, T satisfies the macroscopic transport theory, while in the diffusive regime, T ∝ Nl tr /L, and when T is close to unity, the system is about to fall into localized regime, where the eigenchannel with the maximal transmission eigenvalue dominates. The transmittance T thus gives an overall description of the transport properties.
Since the sample length is finite, the diffusion within the sample reveals positiondependent characteristics [16, 17] . For a finite sample, the variation of disorder may influence the local diffusion coefficient D(x) since the diffusion related parameter l tr is modulated.
In this paper, we first investigate the relation between the TMFP l tr and the variant disorder strength with the sample length L fixed in a quasi-1D disordered waveguide using the exact Anderson disorder model . With l tr determined, the wave transport properties including the transmittance T and the diffusion coefficient D(x) are calculated to show the transport regime transition with the increasing disorder and verify the feasibility of modulating the transport behaviour in a periodical lattice of scatterers with random dielectric constant.
Numerical Methods
Consider a quasi-one-dimensional (quasi-1D) disordered sample(locally 2D) of length L and width w, with two identical semi-infinite free waveguides attached to its both ends, which are non-reflective due to the dielectric constant matching, and the transverse boundaries of the entire system is perfectly reflective, as shown in Fig. 1 . A monochromatic light wave E(x, y) exp(−iωt) of z-polarization propagating along the x-direction is governed by the Helmholtz equation
where k = √ εk 0 is the wave vector, with ε the dielectric constant of the free waveguide, k 0 = ω/c the wave vector in vacuum, respectively, and µ(x, y) = δε(x, y)/ε is the relative fluctuation of the dielectric constant, which induces the disorder of the sample. The quantized eigenstates of an empty waveguide are
where k n is the longitudinal wave vector, χ n (y) is the transverse wave function, the positive integer n(1 n N) is the index of the eigenchannel, where N ∝ kw is the total number of the eigenchannels. The factor k −1/2 n here ensures that each channel carries normalized flux. Under the perfect reflection boundary condition, the transverse wave function takes the form
and the corresponding longitudinal wave vector is
The transmission matrix t can be calculated with the relation [18] 
Here t ba (x, x ′ ) is the element of t(x, x ′ )(transmission matrix from one surface at x ′ to another surface at x) which represents the complex field transmission amplitude from the incoming channel a to the outgoing channel b. G r is the retarded Green's function. v n is the group velocity at the incident wavelength of the n th channel. In the Anderson disorder model [1] , the waveguide is discretized into a square lattice with the coordinate discretization x → n x d, y → n y d, where d is the lattice constant. The disordered region corresponds to 1 n x N x , 1 n y N y , where
In the simulations k 0 d is set to unity. In this basis, Eq. (5) can be written in a compact form as
where
n } is the diagonal matrix whose diagonal elements are the group velocities of the eigenchannels and X = [χ nyn ] Ny×N is the matrix whose columns are the discretized transverse wave functions of the eigenchannels. G nx,n ′ x is the entire Green's function connecting the slices indexed by n x and n ′ x , which can be calculated using the recursive Green's function(RGF) method [19, 20] . Since advanced Green's function is not used here, the superscript "r" denoting retarded Green's function is omitted without ambiguity. To calculate the total transmission matrix through the whole disordered region, one just need to take n x = N x + 1 and n ′ x = 0 in Eq. (6). The local diffusion coefficient D(x) can be calculated with the first Fick's law
where J(x) is the energy flow, W (x) is the local energy density, and · · · represents ensemble average. Since there is no absorption, the energy flow is conserved and J(x) is replaced by a constant J 0 . W (x) can be calculated by
where t(x, 0)v n is the local field at x induced by the n th incoming channel.
Results and Discussions
Since the transport mean free path l tr depends on the the disorder strength of the sample and the incident wavelength, thus l tr is determined by µ(x, y) when k is fixed. By applying the Anderson disorder model, µ(x, y) is quantized to µ i on the site i in a square lattice. {µ i } are independent and identically distributed random variables, therefore they satisfy
where U(−σ, σ) stands for the uniform distribution and N(0, σ) stands for the standard normal distribution, and for both distributions, obviously, µ i = 0. In the localized regime, the ensemble average of the logarithmic transmittance is proportional to the sample length and inversely proportional to the localization length ξ, i.e., lnT = −2L/ξ. Based on the Anderson disorder model, and for both cases of distribution of µ i , lnT is calculated at 8 different sample lengths for each value of σ, where the average is performed over a sub-ensemble of 2000 disordered configurations. By fitting the slope of lnT , we obtain the localization lengths, and the transport mean free paths can be extracted from the Thouless relation ξ = (π/2)Nl tr , where the channel number N equals to 5. The calculated TMFPs are shown in Fig. 2 as solid circles for the uniform distribution and empty circles for the normal distribution of µ i .
In the limit case σ = 0, the sample is actually a perfect crystal with an infinite transport mean free path. According to the Green's function theory for quantum transport [21] , the mean free path is inversely proportional to the imaginary part of the self-energy ImΣ R (k), where the superscript R represents the retarded Green's function. The self-energy is proportional to the correlation function µ 2 i , thus the mean free path is inversely proportional to the correlation function, i.e., l
The mean free paths for the uniform distribution and the normal distribution are linearly fitted separately, and the fitted slopes are 0.4825 and 1.518, respectively. The two slopes shows a difference factor ≈ 3 which results from the the correlation function of the variation in the dielectric constant for different distributions as indicated by Eq. (9). l tr is inversely proportional to σ 2 as predicted by theory, i.e., l tr = l 0 σ −2 , where l 0 is the TMFP for σ = 1, which equals to 24/(πεk) ≃ 2.264/k 0 for 2D systems and 12/(π √ εk) ≃ 1.698/k 0 for 1D systems with µ i uniformly distributed [22] . However, our simulation obtains l 0 ≃ 2.073/k 0 , which is between the values for 2D and 1D cases. This implies that light loses its initial direction faster in a quasi-1D (locally 2D) disordered waveguide than in a 2D one due to the transverse confinement of the perfectly reflecting boundaries.
Since the light localization length is very large in samples with very weak disorder, it will take much time to calculate the TMFP in a long sample. The linear relation of l tr and σ −2 for optical disordered systems obtained herein can improve the computation efficiency especially for weakly disordered system by considering a relatively short sample with strong disorder. With the TMFP determined, the average transmittance T as a function of the disorder strength σ is calculated and shown in Fig. 3 for 4 different sample lengths (only consider the uniformly distributed µ i from now on). The simulated results are compared with the consistent results of several theoretical methods which expand T as [23, 24, 25] 
is the bare conductance. Eq. (10) is only valid in the diffusive transport regime, i.e., l tr < L ≪ ξ, and in Eq. (11) the extrapolation length z 0 induced by the internal reflection at the two end of the disordered waveguide is taken into account and its value is πl tr /4. It should be emphasized that, with l 0 determined by fitting the linear relation between l −1 tr and σ 2 before, there is no adjustable parameter in the fitting process herein. As shown in Fig. 3 , the theoretical results fit well with our simulation results in the diffusive regime, which in turn verifies our results of the TMFP.
When σ is close to zero, i.e., in the ballistic and sub-diffusive regimes, the deviation of Eq. (10) from the simulation results is most obvious and mainly comes from the second term −1/3 (not negligible compared to the relatively small channel number N considered here), which is a signal effect of the weak-localization correlation [23] and is absent when scattering is very weak. In this case, the leading term of Eq. (10), i.e., the bare conductance g 0 is enough to describe the transmission behaviour.
For L = 40/k 0 ( Fig. 3(a) ) and L = 100/k 0 (Fig. 3(b) ), the wave transport never really enters the localized regime (L ≫ ξ). For L = 200/k 0 (Fig. 3(c) ), the transport can cover the three regimes with σ tuned from 0 to 0.5, and for L = 400/k 0 , it enters the localized regime at a smaller value of σ about 0.25. This value corresponds to a maximal fluctuation of the refractive index of about 0.2, which can be easily realized by doping randomly distributed scatterers into common optical materials and is also promising in systems of periodically arranged scatterers with random refractive index (close to our simulation model).
The classical scaling function β(T ) defined in Ref. [5] is obtained by taking the derivative d ln T /d ln L (the angular brackets · · · representing the ensemble average is dropped for simplicity), but with the disorder strength fixed at σ = 0.5 and the channel number fixed at N = 5, which is plotted in line in Fig. 4 . When L is fixed, it is straightforward to generalize the scaling function by including the variant σ as
where L ′ = Lσ 2 is the effective sample length. When the transport is ballistic, T increases to N with a gradually vanishing increasing rate when σ decreases to 0, which results that β ′ (T ) increases to 0 at ln T = ln N, as can be seen in Fig. 4 . The vanishing point of β ′ (T ) moves right when N increases, which means that the scaling behaviour is influenced by the width of the sample as well.
In the localized regime, T is of the form T = T a exp(−γL ′ ), where T a is some critical transmittance of order unity and γ ∝ 1/Nl 0 . Thus β ′ (T ) for T → 0 can be derived as lim
as is shown in Fig. 4 for ln T −2. β ′ (T ) obtained from simulations for 4 different sample lengths is plotted in Fig. 4 with discrete markers. The coincidence of the line and the markers shows that it is equivalent to describe the transport status using β ′ (T ) and β(T ) and L ′ determines the transmission for a fixed N, which confirms the feasibility of the generalization of the scaling function. shown in Fig. 5(a) and (b), respectively, with the sample length fixed at L = 400/k 0 , and 20,000 realizations taken to perform the ensemble average.
As shown in Fig. 5(a) , the ensemble-averaged energy density monotonically decreases from the incident boundary to the output boundary, despite the value of σ. The backscattering of light leads to the decrease of energy density along the transport direction. Open boundaries of the sample cause energy leakage from them and the inhomogeneity of light interference. When near the boundaries, energy leaks out more easily and the interference is weaker. The descending rate keeps invariant when the disorder is very weak, e.g., for σ = 0.05, since the scattering is very weak and the energy scattered out from the boundaries is negligible. Thus the case for σ = 0.05 is a classical diffusive process with a constant diffusion coefficient, which is confirmed in Fig. 5(b) . When σ increases, the interference inhomogeneity and the energy leakage is strengthened and becomes significant, which make the descending rate of the energy density become position-dependent.
Diffusion coefficients are obtained from the negative inverse derivative of the energy densities, as shown in Fig. 5(b) . When the disorder is very weak, the diffusion coefficient is position-independent, while as the disorder strength increases, position-dependence emerges due to the facts that the wave interference is inhomogeneous and the returning probability becomes larger when gradually leaving the surface deepening into the sample. The position-dependence of the diffusion coefficient is a signal of localization [16, 17] .
The energy density profile W τ 1 (x) (for single disorder configuration) of the eigenchannel with the maximal transmission eigenvalue τ 1 also qualitatively but directly exhibits the evolution of the transport from diffusion to localization, as shown in Fig. 6 . For σ 2 = 0.01 (the uppermost curve), the energy density is extended through the whole disordered region, while for σ 2 = 0.25 (the nethermost curve), the energy density is localized in a short range along the x−direction. Fig. 6 thus gives an intuitive view of the process of turning a diffusive disordered sample into a localized one by increasing σ. 
Conclusions
We have performed detailed investigations to show how the disorder influences the light transport properties in a quasi-1D random system. We calculated the disorder-modulated transport mean free path and found a scaling relation with the disorder strength parameter σ. With this relation the transport properties of light are considered, and we found that when the sample length is fixed, the disorder modulation enables the system to cover all the transport regimes. We also discussed the influence of the disorder modulation on the diffusion coefficient 
